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Vector Identity 20
ˆ
S
n×∇ψ da =

˛
C
ψ dl

Proof

Start with the following vector identity.

∇× (ψn) = ψ∇× n+∇ψ× n

Integrate both sides over the open surface S.

ˆ
S
∇× (ψn) da =

ˆ
S
ψ∇× n da+

ˆ
S
∇ψ× n da

Take the dot product of n with both sides. [Note: ∇ · (F×G) = G · (∇× F)− F · (∇×G)]

n ·
ˆ
S
∇× (ψn) da = n ·

ˆ
S
ψ∇× n da+ n ·

ˆ
S
∇ψ× n da

ˆ
S
n · [∇× (ψn)] da =

ˆ
S
n · (ψ∇× n) da+ n ·

ˆ
S
∇ψ× n da

ˆ
S
[∇× (ψn)] · n da =

ˆ
S
ψn · (∇× n) da+ n ·

ˆ
S
∇ψ× n da

˛
C
ψn · dl =

ˆ
S
[∇ · (n× ψn) + n · (∇× ψn)] da+ n ·

ˆ
S
∇ψ× n da

0 =

ˆ
S
[∇ · ψ(n× n) + (∇× ψn) · n] da+ n ·

ˆ
S
∇ψ× n da

0 =

ˆ
S
(∇× ψn) · n da+ n ·

ˆ
S
∇ψ× n da

0 =

˛
C
ψn · dl+ n ·

ˆ
S
∇ψ× n da

0 = n ·
˛
C
ψ dl+ n ·

ˆ
S
∇ψ× n da

Bring this second term to the left side.

−n ·
ˆ
S
∇ψ× n da = n ·

˛
C
ψ dl

n ·
ˆ
S
n×∇ψ da = n ·

˛
C
ψ dl

Therefore, ˆ
S
n×∇ψ da =

˛
C
ψ dl.
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